In the context of Type IIB LARGE volume orientifold setup equipped with poly-instanton corrections, the standard single-field poly-instanton inflation driven by a 'Wilson' divisor volume modulus is generalized by the inclusion of respective axion modulus. This two-field dynamics results in a "Roulette" type inflation with the presence of several inflationary trajectories which could produce 50 (or more) e-foldings. The evolution of various trajectories along with physical observables are studied. The possibility of generating primordial non-Gaussianities in the slow-roll as well as in the beyond slow-roll region is investigated. We find that although the nonlinearity parameters are quite small during the slow-roll regime, the same are significantly enhanced in the beyond slow-roll regime investigated up to the end of inflation.
Introduction
On the way of understanding the early universe cosmology, the inflationary mechanism has been proven to be quite fascinating as it successfully addresses several outstanding issues of the standard big bang scenario, e.g. the horizon problem, the flatness problem and the monopole problem. Initially, the idea of inflation was introduced to explain the homogeneous and isotropic nature of the universe at large scale structure [1, 2] , however its best advantage is being utilized in studying the inhomogeneities and anisotropies of the universe, which is a consequence of the vacuum fluctuations of the inflaton (as well as the metric fluctuations). In this regard, the idea of inflation also provides a way to understand the physics which could be responsible for generating the correct amount of primordial density perturbations initiating the structure formation of the universe and the cosmic microwave background (CMB) anisotropies. The simplest (single-field) inflationary process can be understood via a (single) scalar field slowly rolling towards its in a nearly flat potential. The vacuum fluctuations of the inflaton result in an almost scale invariant spectrum with a small tilt reflecting unique predictions via the CMB radiation. Although the single-field inflationary models fit well with the current observation constraints [3, 4] , the present observational data is not sufficient to discriminate among the various models. In this regard, the detection of non-Gaussianity can be a crucial data to distinguish the various models in the ongoing/future experiments such as PLANCK [5, 6, 7, 8] .
In the context of string cosmology, inflationary model building have been started quite early in [9] . Since string framework can provide several flat-directions (moduli), it is promising for the embedding of inflationary scenarios in string theory. The main requirement for this purpose is to identify a scalar which could play the role of the inflaton field, i.e. its effective scalar potential has to admit a slow-roll region. In this respect, those "moduli" that have a flat potential at leading order and only by a sub-leading effect receive their dominant contribution are of interest. The perturbative effects [10, 11] as well as the instanton effects [12, 13] are proven to be extremely crucial,F especially for moduli stabilization purpose. As far as cosmological model building is concerned, the string inspired models could be given the hallmark of being '(semi)realistic' only after all the moduli could be stabilized and de-Sitter solutions be realized in [14] . Since then several dS realizing mechanisms have been developed in type IIB framework [15, 16, 17, 18, 19, 20] . With the present understanding, it is fair to say that the moduli stabilization is quite well (and relatively much better) understood in type IIB orientifold models with the mechanisms like KKLT [14] , Racetrack [21, 22] and the LARGE volume scenarios [23] . Significant amount of progress has been made in building up inflationary models in type IIB orientifold setups with the inflaton field identified as an open string modulus [24, 25, 26, 27] or a closed string modulus [28, 29, 30, 31, 32] . Along the lines of moduli getting lifted by sub-dominant contributions, recently so-called poly-instanton corrections be-came of interest. These are sub-leading non-perturbative contributions which can be briefly described as instanton corrections to instanton actions. In the recent work [33] , we have clarified the zero mode conditions for an Euclidean D3-brane instanton, wrapping a divisor of the threefold, to generate such a poly-instanton effect. Utilizing the poly-instanton effects, moduli stabilization and inflation have been studied in a series of papers [32, 34, 35, 36] . Meanwhile, the studies made in the context of axionic inflationary models in the type IIB orientifold framework have been quite promising too [21, 37, 38, 39, 40, 41, 42, 43] . In [44] , inflation has been realized by a combination of the brane-motion and an axion while in [45, 46, 47] ,, it has been driven by a combination of a (divisor) volume mode and an axion.
The signatures of non-Gaussianities are encoded in non-linearity parameters f N L (and τ N L ) which parametrize the bispectrum (and trispectrum) and could be the direct evidence for detecting the non-Gaussianities. In fact, an observation of order one values for f N L would rules out (most of) the single field inflationary models 3 . and thus can be a potential discriminator towards picking up a more promising one. This boosts up the motivation for the study of non-Gaussianties in recent years, although it has been initiated very early [52] . A review on initial attempts regarding f N L computations along with observational constraints can be found in [5] . In the standard single-field models, the f N L parameter is usually suppressed by slow-roll parameters (ǫ, η), e.g. f N L = n s − 1 has been reported in [52] . Subsequently, the multi-field inflationary models started getting significant attention but large f N L could not be realize in the initial attempts [53, 54, 55, 56] . For generating observable non-Gaussianities, enormous amount of work has been done in recent couple of years and several explicit multi-field models with large f N L values have been found. These multi-field models can be categorized to be of separable and non-separable types.
For the separable type models, either the inflationary potential [53, 54, 55, 57, 58] or the Hubble rate [59, 60] is of sum or product separable form, and several models are available now which can produce large non-Gaussianities 4 . The possibilities of generating detectable large values of f N L during the evolution of two-fields within the slow-roll region has been proposed in [63, 64, 65] . In these models, non-Gaussianities are generated after horizon exit and consist of non-adiabatic perturbation modes. It implies such non-Gaussianities to be of local-type and hence distinguishable from the other shapes of non-Gaussianity which are realized during horizon exit [66, 67] .
Unlike the separable type models, the non-Gaussianities issues in the nonseparable type of potential are relatively less studied. In [56, 68, 69] , a concise analytic formula for computing the non-linear parameter for a given generic multi-field potential has been developed for both the slow-roll region and beyond slow-roll region. The possibility of generating large non-Gaussianity parameter has been shown by 'momentarily' violating the slow-roll conditions. Following the ideas developed in [68] , order one values of the f N L parameter has been reported in the beyond slow-roll region for a two-field large volume axionic setup [70] . Recently, some examples with (non-)separable multifield potentials have been studied in [71] which can produce large detectable values for the non-linear parameter f N L and τ N L . Higher order correction to the non-linearity parameters have been studied in [72, 73, 74, 75] .
In the framework of type IIB orientifolds, several single/multi-field models have been studied for aspects of non-Gaussianities. The curvaton scenarios have been proposed in [76] for the Kähler moduli inflation setup in the context of LARGE volume scenarios. A case study have been performed in [77] for a blowup multi-field inflationary setup (resulting in f N L ∼ 0.01) and a curvaton scenario (resulting in large f N L values). Later on, detectable large values of f N L have also been proposed via the modulated reheating mechanism in [36] . The computation of non-Gaussianties in racetrack models has been made in [78] and within the framework of KKLT-like setup, a two-field inflationary model has been proposed with inflaton dynamics governed by the Calabi Yau volume mode and the respective C 4 axion which complexifies the divisor volume mode [45] . This idea has been extended in the context of LARGE volume scenarios by generalizing the Kähler moduli (blow-up) inflation with inclusion of the corresponding C 4 axion in [46, 47] . The presence of various types of trajectories resulting in 60 (or more) number of e-foldings have been reported in this so-called "Roulette inflation" model and a subsequent investigation of non-Gaussianities in such a setup has been made in [79] resulting in small values of the f N L parameter.
In this article, we present a systematic analysis for a two-field inflationary model driven by a combination of a Wilson divisor volume modulus and an axion modulus in the Poly-instanton setup. The so-called Wilson divisor has a single non-trivial Wilson line modulino and is relevant for generating poly-instanton contributions which will be summarized in Section 2. For analyzing the nonGaussianities, we proceed with the formalism developed in [68, 69] which is valid for a given generic multi-field potential in beyond slow-roll region also. We find that although the non-linearity parameters are quite small during the slow-roll regime, the same are significantly enhanced in the beyond slow-roll regime. The two-field dynamics is such that the non-linearity parameters (f N L , τ N L and g N L ) do not get frozen at the horizon exit and keep evolving up to the end of inflation where it acquires a large value. Here, we stress that following the motion/decay of inflaton fields after the end of inflation and addressing reheating issues etc. can be extremely crucial in such models. However, the same is beyond the scope of the present analysis, and for the time being we assume that the respective values for these non-linearity parameters realized at the end of inflation do not change significantly before and by the reheating process.
The article is organized as follows. In Section 2, we start with a brief review of the relevant background about the poly-instanton setup [33] and the related moduli stabilization part [32] . In Section 3, we generalize the single field polyinstanton inflationary process into a two-field inflationary process with the inclusion of the corresponding C 4 axion and discuss the subsequent relevant changes in the slow-roll parameters. In Section 4, we present a detailed and systematic (numerical) analysis of evolutions of various inflationary trajectories (as well as the other physical observables) in terms of number of e-foldings. This analysis shows that there is a "Roulette" type inflation. In section 5, we investigate the possibility of generating finite/detectable values for the primordial non-Gaussianity parameters f N L , τ N L , g N L and observe that although in the slow-roll region these are negligibly small, beyond it there exists the a possibility of enhancement to large values. Finally, in section 6 we give our conclusions followed by an appendix providing some of the lengthy intermediate expressions.
Poly-Instanton Setup
In this section, we collect the relevant ingredients for generating the poly-instanton corrections in a type IIB orientifold setup developed in [33] and briefly summarize the moduli stabilization mechanism discussed in [32] . Building on the same, we continue with the study of a generalized two-field inflationary process as well as with the computation of the non-linearity parameters (e.g. f N L , τ N L and g N L ).
Poly-instanton corrections
Now, we recall some results from [33, 80] (see also [81] for related studies) on the contribution of poly-instantons to the superpotential in the framework of Type IIB orientifold compactifications on Calabi-Yau threefolds with O7-and O3-planes. In this case the orientifold action is given by Ωσ(−1) F L , where σ is a holomorphic, isometric involution acting on the Calabi-Yau threefold M.
The notion of poly-instantons [34, 80] means the correction of an Euclidean D-brane instanton action by other D-brane instantons. The configuration we considered has two instantons a and b with proper zero modes to generate a non-perturbative contribution to the superpotential of the form
where A a,b are moduli dependent one-loop determinants and S a,b denote the classical D-brane instanton actions. In Type IIB orientifolds models, the sufficient conditions for the zero mode structures for poly-instanton corrections to the superpotential have been worked out in [33] (for orientifold with O5-and O9-plane, see [80] ). Both instantons, a and b, should be O(1) instantons, i.e. a single instanton placed in an orientifold invariant position with an O(1) projection which corresponds to an SP −type projection for a corresponding space-time filling D7-brane. Instanton a is an Euclidean E3 instanton wrapping a rigid divisor E in the Calabi-Yau threefold with H 1,0 (E, O) = H 2,0 (E, O) = 0 while instanton b is an Euclidean E3-brane instanton wrapping a divisor which admits a single complex Wilson line Goldstino, i.e. a so-called Wilson line divisor with equivariant cohomology H * ,0 (W, O) = (1 + , 1 + , 0) under the involution σ. In fact, the sufficient condition for a geometric configuration to support the poly-instanton correction is that it precisely contains one Wilson line modulino in H 1 + (E, O). Some concrete Calabi-Yau threefolds both with and without K3 fibration structure were presented in [33] which featured all the requirements mentioned above. For the present purpose, we focus on one particular model which not only admits a Wilson line divisor W but also rigid and shrinkable del Pezzo divisors. Such geometries are particularly interesting for studying moduli stabilization as they give rise to a swiss-cheese type Kähler potential. The Calabi-Yau threefold M is given by a hypersurface in a toric variety with defining data, 
This geometry admits two inequivalent orientifold projections σ :
. It was checked that the D3-and D7-brane tadpoles can be canceled. For the analysis in the following sections, we focus on the involution x 7 ↔ −x 7 . The corresponding topological data of the relevant divisors are shown in table 1. We also showed that there are no extra vector-like zero modes on the intersection of E3∩D7, i.e. all sufficient conditions were satisfied for the divisor W to generate a poly-instanton correction to the non-perturbative superpotential
Taking into account the Kähler cone constraints, the volume form for this model could be written in the strong swiss-cheese like form 
Moduli stabilization
A generic orientifold compactification of Type IIB string theory leads to an effective four-dimensional N = 1 supergravity theory 5 . In the closed string sector, the bosonic part of the massless chiral superfields arises from the dilaton, the complex structure and Kähler moduli and the dimensional reduction of the NS-NS and R-R p-form fields. The bosonic field content is given by
where c a and b a are defined as integrals of the axionic C (2) and B (2) forms and ρ α as integrals of C (4) over a basis of four-cycles D α . From now on, as in our aforementioned concrete example, we assume h 11 − = 0. The supergravity action is specified by the Kähler potential, the holomorphic superpotential W and the holomorphic gauge kinetic function. The Kähler potential for the supergravity action is given as,
where V = 1 6 κ αβγ t α t β t γ is the volume of the internal Calabi-Yau threefold. The general form of the superpotential W is given as
5 For a review on moduli stabilization and relevant compactification geometries, see [82, 83] .
with the instantonic divisor given by E = γ α D α . The first term is the Gukov-Vafa-Witten (GVW) flux induced superpotential [11] and the second one denotes the non-perturbative correction coming from Euclidean D3-brane instantons (a E = 2π) and gaugino condensation on U(N) stacks of D7-branes (a E = 2π/N) [12] . In terms of the Kähler potential and the superpotential the scalar potential is given by
where the sum runs over all moduli. As usual in the LARGE volume scenario [23] , the complex structure moduli and the axio-dilaton are stabilized at order 1/V 2 by K and the GVW-superpotential respectively. Since the stabilization of the Kähler moduli is by sub-leading terms in the V −1 expansion, for this purpose the complex structure moduli and the dilaton can be treated as constants.
Let us proceed with the following ansatz for Kähler and superpotential 6 which is well motivated by our mathematical discussion in the previous subsection 2.1,
where
Note that, for h 11 − = 0, the N = 1 Kähler coordinates are simply given as
with χ(M) being the Euler characteristic of the Calabi-Yau. The large volume limit is defined by taking τ b → ∞ while keeping the other divisor volumes small.
In the large volume limit, the most dominant contributions to the generic scalar potential V(τ b , τ s , τ w , ρ s , ρ w ) are collected by three types of terms. In the absence of poly-instanton effects, they simplify to
As expected, the potential (13) does not depend on the Wilson line divisor volume modulus τ w . Therefore, at this stage it remains a flat-direction to be lifted via sub-dominant poly-instanton effects.
The extremality conditions ∂ V V = ∂ τs V = ∂ ρs V = 0 are collectively given as
One finds that τ s gets stabilized in terms of
and then V gets stabilized via an exponential term exp(a s τ s ) (encoded in λ i 's) so that the overall volume of the Calabi-Yau threefold is exponentially large. Now, in addition to the leading order standard racetrack terms (13), the generic scalar potential also involves sub-dominant contributions, which are further suppressed by powers of exp(−a w τ w ). Collecting these sub-leading terms, the effective potential for τ w , ρ w becomes
where, V LVS (V, τ s , ρ s ) is the racetrack version of the standard large volume potential which stabilizes the Kähler moduli τ b (or V) and τ s at order V −3 and
. After stabilizing the heavier moduli V, τ s , and ρ s -axion at their respective minimum and using a w = b w along with eliminating W 0 via the first relation in eq. (14), the above effective scalar potential can be written as
Here V 0 , µ 1 , µ 2 are constants depending on the stabilized values of the heavier moduli as
After stabilizing the ρ w -axion at its minimum ρ w = 0, it has been shown (in [32] ) that the divisor volume modulus τ w corresponding to the Wilson divisor D w gets stabilized to
< 0 is required for stabilizing τ w inside the Kähler cone. A couple of benchmark models have been constructed for a set of sampling parameters displacing the Kähler modulus τ w away from its minimum, investigations of inflationary behavior have been made in a single field approximation [32] . In this article, we generalize the inflationary model via including the dynamics of corresponding ρ w axion and discuss various subsequent cosmological implications.
Two-Field Poly-Instanton Inflation
In all the remaining sections, we will be assuming that the heavier moduli are stabilized at their respective minimum position and we consider the effective potential for the two lighter fields (τ w and ρ w ) given by (17) . Furthermore, we assume that a suitable uplifting of the AdS minimum to a dS minimum can be processed via an appropriate mechanism (e.g. by the introduction of anti-D3 brane [14] 7 or other mechanism like using dilaton-dependent term in superpotential [19] ). Thus, the resulting inflationary potential looks like
Now, we state the effective potential studied before in roulette inflation [46] which after stabilizing all but one Kähler moduli effectively looks as,
where τ n is stabilized at τ n ∼ lnV. Let us mention some important differences between the aforementioned potentials. First, the geometric origin of these two potential are different as we have explained in the previous sections. The former one comes from a Wilson divisor volume modulus while the later one comes from a blow-up volume modulus. Second, these moduli are stabilized by corrections which scales differently in terms of CY volume. Moreover, the stabilized values at the respective minimum have different volume scaling; τ n is stabilized at order lnV while τ w is stabilized by eq. (20) . Here, the V dependence, which could have appeared via τ s , gets effectively canceled. The uplifting term V up in eq. (21) needs to be such that the uplifted scalar potential acquires a small positive value (to be matched with the cosmological constant) when all the moduli sit at their respective minimum. This potential has the following set of critical points
(ii).
where p ∈ Z. Moreover, in order to trust the effective field theory we need
< 0. In order to ensure the minimum, one has to consider the Hessian V ab (evaluated at these two sets of critical points) which is given as
where ∓ sign corresponds to critical points (i) and (ii) respectively. Hence depending on whether {µ 1 < 0, µ 2 > 0} or {µ 1 > 0, µ 2 < 0}, we find that one set of critical point corresponds to minima while the other corresponds to maxima. From now on, we fix our notation with a sampling of parameters such that {µ 1 > 0, µ 2 < 0} (as in [32] ) and performing the redefinitions τ w = φ 1 , ρ w = φ 2 , the uplifted scalar potential takes the form
Here, a proper normalization factor gs 8π e K CS has been included [28] , where K CS denotes the Kähler potential for the complex structure moduli. We assume that e K CS ∼ O(1). Furthermore, we set the numerical parameters for moduli stabilization similar to the ones chosen in one of the benchmark models (in [32] ). The parameters which would be directly relevant for further computations in this article are,
The 'effective' non-flat moduli space metric G ab relevant for inflaton dynamics can be computed as
Utilizing the large volume limit, the same is written from the Kähler metric component K TwT w expressed in the real moduli basis {φ 1 , φ 2 }. The Christoffel connections are defined as Γ
) and the only non-zero connection components are
.
Furthermore, the non-zero components of the Riemann tensor, defined as R
Under the sampling (26), the effective two-field inflationary potential from eq. (21) is shown in Fig.1. 
Evolution of Trajectories
In this section, we investigate the field evolutions and look for the possible inflationary trajectories which could reproduce 50 (or more) e-foldings. For a given initial condition, we numerically trace the entire inflationary trajectories including beyond slow-roll region. Using the background N e-folding number as the time coordinate, i.e. dN = Hdt, the Einstein-Friedmann equations are obtained as
Using expressions (28a) and (28b), one can derive another useful expression for variation of Hubble rate in terms of e-folding,
For numerical convenience, we solve these equations in the time basis t and then change the result back to the basis N e-folding. As introduced in [69] , we will follow the field redefinitions given as
8 The use of this notation would be more clear in the next section regarding computations of non-linearity parameters. Further, we will be using a combined indexing A such that any object O A has two components given as
which translates the second-order background equations of motions eq.(28a) into two first-order ODEs as follows
where D is the covariant derivative defined as Dϕ . Now, in the context of studying inflationary aspects, one has to look at the sufficient conditions for realizing slow-roll inflation which are encoded in the so-called slow-roll parameters. For multi-field inflationary process with inflatons moving in a non-flat background, these slow-roll parameters are given as,
Now, we can solve the background field equations (31) to get the full trajectories under different initial conditions. We choose φ a (0) = φ a 0 and dφ a dt dφa dt | t=0 = 0; for a ∈ {1, 2} as a set of initial conditions and trace the corresponding trajectories up to the end of inflation (see Table 2 ). Figure 2 shows the complex evolution of trajectories for some samples of general starting conditions where the value of N e-folding at the end of inflation is labeled on each of these trajectories. Note, although it looks like a single field inflation in the late period of trajectory, the axion field in fact oscillates (Figure 3 ) during that time before settling into its minimum. The fact that both of the fields in each trajectories keep evolving up to the end of inflation might be relevant for generating large Non-Gaussianity. This indicates that isocurvature modes are not completely finished even though it looks as a single field motion in the final stage of the trajectories. The N e-folding when the axion ρ w first crosses its minimum is denoted as N † . One has to note that at this time N † , the Wilson divisor volume mode is still quite far from its respective minimum. However, it rolls quickly enough to reach there. All of these points N † are already in the beyond slow-roll region as the slow-roll parameter η > 1.
The various inflationary trajectories shown in Figure. 2 can be classified in the following categories (a) If the axion initial condition is such that the axion is minimized at its respective minimum, then two-field inflationary process reduces to its single field analogue which has been studied in [32] . These are stable trajectories and are attracted towards the respective valley in a straight line like the trajectory in Figure. 2 with N F = 62. These can produce the required number of e-foldings if the Wilson divisor volume mode is displaced significantly away from the minimum. (c) If the axion initial condition starts with its value at the maximum, this results in an unstable trajectory directed straightly outwards from the respective attractor point showing a run-away behavior like the yellow trajectory in Figure. 2.
(d) The trajectories starts from axion initial conditions being closer (but not exactly equal) to some maximum value as well as the initial values for the divisor volume mode being not very far from its respective minimum, one observes that inflationary trajectories cross several axion-ridges before getting attracted into a valley. This can be understood from the fact that this class of initial conditions is such that the initial potential energy is just a little higher to begin with (as shown in Figure. The N e-folding when the ρ w crosses its minimum is denoted as N † = {64.67, NULL, 53.08, 98.42}. At the time N † , the divisor volume mode is still quite far from its minimum and thus both fields are dynamical and it is already in beyond slow-roll regime. Notice that the second trajectory corresponds to a single-field inflation.
at the beginning of these trajectories, see Figure. Figure 4 : The potential V as a function of e-folding N, where the value of N e-folding at the end of inflation is labeled on each of these trajectories.
For most of these trajectories except the single-field one, they momentarily undergo some sort of quick-roll region before staring the slow-roll (see Figure  4 , 5 and 6). The slow-roll region ends when any of the slow roll conditions ǫ ≪ 1, η ≪ 1 is violated. The evolution of the slow-roll parameter ǫ and η Table 2 : Initial conditions for these trajectories shown in Figure. 2.
depending on the variation of e-folding for four of these trajectories are shown in Figure 5 from which one can see that these parameter changes dramatically at the end of inflation. Also, there is a region in field space where there is a strong violation of slow-roll condition via η ≫ 1 before the end of inflation. This beyond slow-roll region can be interesting from the non-Gaussianities point of view as explained later. Furthermore, we can define the scalar perturbation power spectrum P s (in the slow-roll region) as
. Figure 6 shows the evolution of the Hubble rate H and power spectrum P s with e-folding variations for the corresponding trajectories. It shows that the Hubble rate H is almost constant (at 10 −8 M p ) during entire inflationary process including the beyond slow-roll region also. This indicates a high scale inflation as M inf ∼ V at the horizon exit. Also, within the slow-roll limit, the spectral index is found to be negligibly small. All of these results are consistent with the observational constraints today.
Primordial Non-Gaussianities
The signatures of non-Gaussianities are encoded in a set of non-linearity parameters which are commonly denoted as f N L , τ N L and g N L . These are generically related to the n-point correlators of curvature perturbations; the 2-point correlators simply give rise to a Gaussian shaped power spectrum while the 3-point correlators are related to the bi-spectrum which encodes the non-Gaussianities via the non-linearity parameter f N L . Similarly, the 4-point correlators give rise to a tri-spectrum via τ N L and g N L parameters. These non-linearity parameters can be computed in the δN-formalism which relates the curvature perturbations to the difference between the number of e-foldings δN of two constant timehypersurfaces [52] , ζ(t, x) ≃ δN = Hδt Following the redefinitions of the background field evolutions as made in the previous section, the perturbations of the scalar field on N = constant gauge can be expressed as,
where λ's are 2n−1 integration constants (for an n-component scalar field) which, along with N, parametrizes the initial values of the fields [68, 69] . The curvature perturbations at each spatial point of the field space are subsequently expressed in terms of variations of the number of e-foldings in various field directions,
where ϕ A (0) corresponds to an unperturbed trajectory and N F corresponds to a final time-hypersurface of uniform energy density. The non-linearity parameters f N L , τ N L and g N L are generically defined as,
g N L = 25 54
where the field variations of N are defined as N A = ∂ A N, N AB = ∂ AB N and N A = G AB N B . Now, the main task in computing the non-linearity parameters is to find out the fields variations of the number of e-foldings and for the same we would follow the strategy developed in [68, 69] using δN formalism. It is important to mention that this approach is valid in the beyond slow-roll regime as well. So one can explore the evolutions of the non-linearity parameter in the non slow-roll regime up to the end of inflation.
Strategy for computing
Let us briefly discuss the necessary ingredients from [68, 69] which are relevant for computing the non-linearity parameters. For a given generic form of the scalar potential, the concise expressions for the non-linearity parameters
Let us explain the meaning of the various symbols,
• It is important to recall that in (35a,35b,35c 
, where a ∈ {1, 2}.
• The expressions of various derivatives {N A (N), Θ A (N), Ω A (N)} at a generic time during the inflationary dynamics is required for computing the integrals. These vector quantities have to be computed by solving the respective ODEs. This is among the main task of the computation and we will elaborate more on it later.
• The symbols Θ A (N) are defined as In the above, T denotes time-ordering. The expressions for P A B (N) are given as,
• The symbol A AB is defined as,
In general, A AB depends on the non-flat background metric. The respective expressions are given in appendix (A) taking the slow-roll corrections [87] into account.
• The expressions of various derivatives of e-folding N evaluated at some final constant time-hypersurface t F (e.g. N It remains to solve first order ODEs for vector quantities (like Θ A (N), N A (N), Ω A (N)). Furthermore, this formulation reduces the number of O(n 2 ) calculations to O(n) where n is the number of scalar fields involved in the dynamics. This makes numerical calculations much more efficient in a multi-field scenario which has a large number of scalar fields.
The expressions for Θ A (N), N A (N), Ω A (N) required for solving the integrals can be obtained by solving the following set of first order ODEs,
Each set of these involves four ODEs for each quantity Θ A (N), N A (N) and Ω A (N). Of course, even this simplification of the problem into solving first order ODEs does not allow to proceed analytically for a given generic multi-field potential. However for concrete models, it is much easier to solve the aforementioned twelve ODEs numerically. As an important observation, the first two expressions of (40) are mutually dual to each other. This implies that the quantity
The algorithmic approach of solving the ODEs in (40) can be summarized as,
• First, one numerically solves the set of ODEs for N A (N) by using the boundary conditions corresponding to the final constant time-hypersurface
. Then, utilizing the numerical solutions obtained, one traces back to N A (N * ).
• Using the backward traced values for N A (N * ), one gets the initial conditions Θ A (N * ) = A AB (N * ) N B (N * ) and subsequently one numerically solves the set of ODEs for Θ A (N).
• Utilizing the solutions for Θ A (N), one traces forward for Θ A (N F ), and then one can easily solve the set of ODEs for Ω A (N) via using the initial
Substituting the various numerical solutions for all the relevant quantities in (34), one obtains the values for all the three non-linearity parameter f N L , τ N L and g N L .
Numerical Results
Now, we present the numerical results applying the strategy discussed so far for our potential (25) . The various non-linearity parameters f N L , τ N L and g N L have been estimated for slow-roll as well as beyond slow-roll regime for the four trajectories mentioned before corresponding to sufficiently large e-folding N > 50. We observe that in the slow-roll regime, the f N L (as well as τ N L , g N L ) are very small which is also something quite expected [52] . Table 3 presents the collection of non-linearity parameter values estimated in the slow-roll regime. Table 4 : Various non-linearity parameters estimated in the beyond slow-roll regime. The time corresponding to N † is simply the time where axion ρ w first crosses its minimum and oscillates up to the end of inflation. Table 4 shows that one can get large non-linearity parameters in the beyond slow-roll region for these trajectories except the single-field one. Especially, most of these large values are generated after the time when axion crosses its minimum for the first time, i,e. between N F and N † . One can see that in the beyond slow-roll regime (N F − N = 2 or at most 3), the trajectories acquire quick turns via oscillations in axionic directions when one approaches towards the end of inflation. This might be a reason for these non linearity parameters getting enhanced to significantly large values. Another reason for having large values of non-linearity parameters could be attributed to one of the slow-roll parameters getting significantly large, η ∼ O(10 2 − 10 3 ). Moreover, contributions to the ǫ parameter coming from each of the two-fields are such that ǫ 1 ≫ ǫ 2 in beyond slow-roll regime 10 . These can cause large enhancements in the intermediate quantities such as Θ A in the regime where the slow-roll condition is strongly violated. The reason could be simply thought of to be as Θ A (N) = Λ 
Conclusions and Discussions
In this article, we generalized the standard single field poly-instanton inflationary model to a two-field model in which inflation is driven by a combined dynamics of a (Wilson) divisor volume mode and the respective C 4 axion. In this setup, we have focused on two aspects. The first one was the study related to the two-field inflationary model. The second one has been an investigation of the possibility to realize the non-Gaussianities by computing the non-linearity parameters such as f N L , τ N L and g N L . This was done in the slow-roll as well as in the beyond slow-roll regime.
In the context of the first aspect, we studied the evolutions of background fields and explored the various possible types of inflationary trajectories. We observed that, depending on the choice of initial conditions, one can have inflationary trajectories corresponding to a wide range (order one e-folding to quite large) number of e-foldings. However, we mainly focused on the class of trajectories which could produce order 50 (or more) e-foldings. The nature of various trajectories are also quite different; some are attracted (repelled) inwards (outwards) to the attractor point in a straight line and hence implying that such trajectories have no isocurvature perturbations. The other type of trajectories have significant curving due to the axion dynamics and do have isocurvature perturbations. Further, if the axion initial conditions are not very far from the respective minimum, the respective trajectories are attracted into the nearest valley. Interestingly, there are some trajectories which are predominantly axionic before getting trapped into an attractor point. This situation is similar to the rotation of a roulette ball before being trapped into a particular slot, and so justifies the name "roulette" inflation [46] . We analyzed the running of the slow-roll parameters, the Hubble rate and the power spectrum of scalar perturbations in terms of e-foldings. Similar to the single-field inflationary models [28, 32] realized in type IIB LARGE volume orientifold compactifications, the values of slow-roll parameters ǫ and η are quite hierarchial. The slow-roll parameter ǫ is very small (ǫ ∼ 10 −9 ) during slow-roll and it increases only up to order 10 −6 values when slow-roll conditions are violated by η ∼ O(1). In fact, the ǫ parameter increases exponentially fast near the end of inflation and at the same time the η parameter also gets enhanced to a very large values. Thus, from the point of view of e-foldings, a very narrow window is available in the 'beyond' slow-roll regime in which η parameter is very large. Moreover, a significant hierarchy ǫ 1 ≫ ǫ 2 is also realized within the components of ǫ in beyond slow-roll regime. Also, as we have found several trajectories with significant curving, it has been a good motivation for looking at the non-Gaussianities signatures in this "roulette poly-instanton inflation" setup.
Subsequently, we have investigated the possibilities for generating detectable values for the non-linearity parameters f N L , τ N L and g N L for various trajectories. We followed the strategy developed in [68, 69] which is applicable for a given generic scalar potential and is also valid in the beyond slow-roll regime. For the trajectory which has initial conditions such that axion sits at its minimum position to start with, this two-field inflationary process reduces to its singlefield analogue [32] . Thus, for this trajectory, we get quite small value for the non-linearity parameters f N L , τ N L and g N L in the slow-roll regime. In fact, within the slow-roll regime, we obtain small values for each of the the three nonlinearity parameters for all the 'types' of trajectories we have classified in this setup. However, in the beyond slow-roll regime (N F − N = 2 or at most 3), the trajectories acquire turns due to oscillations in axionic directions when one approaches towards the end of inflation.These might be responsible for the non linearity parameters getting enhanced to significantly large values. Moreover, a sharp increment of the η parameter towards the end of inflation could be another reason for the non-linearity parameters getting enhanced in the beyond slow-roll regime. Recently, in the context of estimating non-Gaussianities signatures in the beyond slow-roll regime, large f N L values have been observed in [59, 60] with a potential having a combination of various exponential terms such that the Hubble rate is sum separable. Such a potential has been argued to be possibly realized in string models such as [28] . Although, our two-field scalar potential does not have a separable form for the Hubble rate (and hence one can not expect to reproduce our results from the strategy developed in [59, 60] ), nevertheless there are important similarities which could be responsible for the large values of f N L parameter. A few of these are,
• Large f N L is realized only in the region of the final stage of inflation where there is no significant increment in the number of e-folds.
• In both of the cases, there is a significant enhancement in the η-parameter towards the end of the inflation resulting in hierarchial values for the ǫ and η parameters.
• Without going into all the details of [60] , we state as an observation that the exponent appearing in the form of the Hubble rate as
where n is the number of fields involved in the dynamics and α k , m k are some model dependent parameters. For α k ∼ O(100), m k ∼ 1, one gets f N L ∼ O(100). Now for our case, after considering the canonically normalized forms of the divisor volume modulus, as seen in single-field analogue in [32] , the exponential term in the potential appears as e which is similar to those of [60] .
Along these lines, our analysis could be a supporting step towards looking for the non-Gaussianities in the beyond slow-roll limit. Also, a systematic study of what happens after the end of inflation, for example following the motion/decay of inflaton fields and reheating issues etc. can be extremely crucial in such models 11 . In the context of Kähler moduli inflation models [28, 30] , it has been found that there is a possibility of inflaton dumping all its energy into the hidden sector instead of the visible sector [91, 92] . For investigating this aspect, one has to extend our setup by explicitly embedding the visible sector. It would be interesting to know how generic is the problem and we hope to get back with this aspect in a future work.
A Collection of the relevant expressions
Recalling the field redefinitions,
dt the background field-evolution is governed by the following equivalent expressions,
where D is the covariant derivative defined as Dϕ . Now, utilizing the aforementioned 11 We thank E. Copeland and A. Mazumdar for pointing this out to us and bringing our attention to the related studies in [90, 91, 92, 93] relations, the various useful expressions appearing at the intermediate stages in the computation of non-linearity parameters (f N L , τ N L and g N L ) can be easily derived. The expressions for P
are simply given as
The expressions for
are given as
After including the slow-roll corrections in A AB [87] and keeping in mind that background metric for our case is diagonal, we get the following components,
A ab 11 = 0 for a = b, where a = {1, 2} and α ∼ 0.7,
In the first two-lines of (43), the indices are not summed over. Furthermore, the expressions for H A , H AB , H ABC are elaborated as, 
The expressions of various derivatives of e-folding N evaluated at a final timehypersurface t F (e.g. N where
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